Abstract. We prove that a compact lcK manifold with holomorphic Lee vector field is Vaisman provided that either the Lee field has constant norm or the metric is Gauduchon (i.e., the Lee field is divergence-free). We also give examples of compact lcK manifolds with holomorphic Lee vector field which are not Vaisman.
Introduction
Let (M, J, g) be a Hermitian manifold of complex dimension n ≥ 2. Let ω be its fundamental form defined as ω(·, ·) = g(J·, ·).
Definition. A Hermitian manifold (M, J, g) is called locally conformally Kähler (lcK) if there exists a closed 1-form θ which satisfies
If moreover θ is parallel with respect to the Levi-Civita connection of g, the manifold (and the metric itself) are called Vaisman [12] .
We refer to [1] for definitions and main properties of lcK metrics.
Among lcK manifolds, Vaisman ones are important because their topology is better understood. Consequently, characterizations of this subclass are always interesting. Several sufficient conditions are known for a compact, non-Kähler lcK manifold to be Vaisman: the Einstein-Weyl condition ( [11] ); the existence of a parallel vector field ( [7] ); the pluricanonical condition ( [8] ); homogeneity ( [3] ); having potential and being embedded in a diagonal Hopf manifold ( [9] , [10] ); or being toric ( [4] , [6] ).
It is known that on a Vaisman manifold, the Lee and anti-Lee vector fields θ ♯ and Jθ ♯ are holomorphic and Killing. In this note, we discuss the implications of the Lee vector field being only holomorphic, and we add to the above list of sufficient conditions the following result: 
As shown in Section 3, this result does not hold in general for holomorphic Lee vector fields θ ♯ without imposing some additional hypotheses like (i) or (ii).
Very recently, Nicolina Istrati has found another instance where the conclusion of Theorem 1 holds: Proposition (Istrati [5] ). Let (M, J, g, θ) be a compact locally conformally Kähler manifold with holomorphic Lee field. Suppose that the metric g has a potential, i.e., ω = θ ∧Jθ −dJθ (cf. [9] ). Then (M, J, g) is Vaisman.
Proof of Theorem 1
2.1. Local formulae. Consider the Lee vector field T := θ ♯ . We start by proving two straightforward results.
Lemma 2. If T is holomorphic, then JT is both holomorphic and Killing.
Proof. Since J is integrable and T is holomorphic, JT must also be holomorphic. On any lcK manifold, Cartan's formula yields:
Combined with L JT J = 0, this gives L JT g = 0.
Lemma 3. The Lee vector field T is holomorphic if and only if the symmetric endomorphism F := ∇T ∈ End(T M) commutes with J.
Proof. On any lcK manifold one has the well-known identity (see e.g. [1, Cor. 1.1])
(1)
In particular,
We thus get for every vector field X on M:
thus proving our claim.
For later use, we remark that (1) yields for every local orthonormal frame {e i }:
Since θ is closed, the symmetric bilinear form defined as S(X, Y ) := (∇ X θ)(Y ) = g(F X, Y ) measures the failure of T to being Killing:
Note that by Lemma 3, T is holomorphic if and only if S is of type (1, 1), i.e. (∇θ) 2,0 + (∇θ) 0,2 = 0. In fact, this is precisely the complementary condition to the lcK structure being pluricanonical, which reads (∇θ) 1,1 = 0, see [8] .
We now derive a formula which is the main tool for proving Theorem 1:
Proof. By (3) one has:
Using this we compute:
Now, as T is holomorphic, Cartan's formula implies:
which taking (5) and (6) into account completes the proof.
Define now the trace of a two-form η with respect to ω by
where {e i } 1≤i≤2n is a local orthonormal frame (of course, the trace does not depend on the choice of the frame). The properties of Tr ω are summarized in:
is the endomorphism associated a 2-form η by the requirement η = ω(A·, ·), then
(ii) If α and β are 1-forms, then Tr ω (α ∧ β) = 2g(Jα, β).
(iii) If f is a smooth function, then:
Proof. The statements (i) and (ii) are straightforward. In order to prove (iii), we use (2) and write in a local orthonormal frame parallel at a point where the computation is done:
We now apply Tr ω to both sides of equation (4) using Lemma 5 with f = |θ| 2 and A = F :
But Tr F = −δθ and Tr F 2 = |∇θ| 2 , hence we obtain:
Global consequences. From now on, suppose M is compact and that one of the assumptions below holds:
A. Assume that |θ| is constant. Let then x 0 be a point where δθ attains its maximum. As M δθ vol g = 0, we see that (δθ)(x 0 ) ≥ 0. On the other hand, the first and second terms in (7) vanish because of the assumption |θ| = const, and T (δθ)(x 0 ) = 0 since x 0 is an extremum of δθ. Then (7) implies:
As both terms are positive, we have, in particular (δθ)(x 0 ) = 0 and so δθ ≤ 0. Since the integral of δθ vanishes, this means that δθ vanishes identically on M. Finally, (7) now reduces to ∇θ = 0, i.e., g has parallel Lee form, and Theorem 1(i) is proven. B. Assume that δθ = 0. We integrate (7) on M:
which again implies ∇θ = 0 and proves Theorem 1(ii).
Counterexample under weaker hypotheses
We now show that the conclusion of Theorem 1 does not hold in general under the unique assumption that the Lee field is holomorphic. For this, consider a (compact) Vaisman manifold (M, g, J, ω, θ) with
Lemma 6. Let f ∈ C ∞ (M) be a non-constant function whose gradient is collinear to T , or equivalently (8) df ∧ θ = 0, and such that f > −1. Define
Then (M,ḡ, J,ω) is lcK, with Lee form θ = (1 + f )θ and Lee vector fieldT = T .
Proof. Recall that on a Vaisman manifold the Lee vector field is both Killing and holomorphic, thus L T ω = 0. This can be rewritten as
The condition f > −1 ensures that g is positive-definite. We compute using (8) and (10):
Hence (M,ḡ, J,ω) is lcK, with Lee form θ = (1 + f )θ. If we denote by T the associated Lee vector field, from (9) we have
Summarizing, the Lee vector field T of the lcK manifold (M,ḡ, J,ω) is holomorphic, however g is not Vaisman since the norm of T is not constant:
In conclusion, the holomorphy of the Lee field T alone is not enough for an lcK metric to be Vaisman.
An example of a Vaisman manifold and a function f satisfying the hypotheses of Lemma 6 can be easily constructed as follows. Let M = S 1 × S 2n−1 be the Hopf manifold obtained as the quotient of C n \ {0} by a cyclic group of dilations generated by x → ax for some a > 1. The metric 4r −2 g C n and the standard complex structure on C n are invariant by dilations, hence they descend to a Vaisman metric on M with parallel Lee form θ = −2dr/r of norm 1. Every non-constant function in the variable r bounded by 1 in absolute value, and verifying f (r) = f (ar) for every r, for instance f (t) = 1 2 sin(2π ln(r)/ ln(a)), projects to a function on M verifying the hypotheses of Lemma 9, and thus induces a non-Vaisman lcK metric on M with holomorphic Lee vector field.
Remark. Given any closed form θ on a connected smooth manifold M, there exists a nonconstant function f such that df ∧ θ = 0 if and only if the line spanned by the cohomology class [θ] ∈ H 1 (M, R) contains an integer class.
